Error analysis of nonlinear evolution equations and associated dynamical systems  by Eden, A. et al.
Appt. Moth. Lctt. Vol. 3, No. 3, pp. 31-34, 1990 
Printed in Great Britain. All rights reserved 
06939659/90 g3.00 + 0.00 
Copyright@ 1990 Pergamon Press plc 
Error Analysis of Nonlinear Evolution Equations 
and Associated Dynamical Systems 
A. EDENI, B. MICHZIUX~, AND J.M. RAKOTOSON’ 
‘The Institute for Applied Mathematics and Scientific Computing, Indiana University 
*Departement de Mathdmatiques, Faculte des Sciences de Poitiers 
(Received September 1989) 
Abstract. As a continuation of our study on doubly nonlinear parabolic type equations, we 
investigate a time discretization of these equations by the Euler forward scheme. In addition to 
the standard existence, uniqueness and stability questions, we also address the problem of error 
estimate and the long time behavior of the solutions of the discrete problem. The existence of 
a compact attractor is proven and its Hausdorff dimension is estimated using CFT theory. 
1. INTRODUCTION 
In a recent work [2] we have studied a class of doubly nonlinear parabolic equations that 
included on one hand, the porous-media equations where the nonlinearity p(u) appears 
under time derivative, and on the other hand reaction-diffusion type equations where the 
zero order nonlinearity g(t, I, u) is assumed to satisfy a one-sided condition that guarantees 
dissipativity. The basic aim of that research was to put these equations into the framework of 
infinite dimensional dynamical systems. In this paper we will consider the same continuous 
problem 
( 
a@(u) -- 
& 
Au + g(t, z, u) = 0 in (0,T) x s1, 
(PO) u=O on(O,T)xdR, 
P(u)lt=o = P(uo), 
and its time discretization using the Euler forward scheme: 
,0(V) - rAU” + rg(nr,t, V”) = /3(V”-‘) in R, 
(X) U” = 0 on dQ, 
P(VO) = P(uo), 
and establish some connections between the discrete and the continuous dynamical problems. 
We address three types of questions: existence and uniqueness, stability analysis and error 
estimates, and the existence and finiteness of the attractor under different assumptions on 
the initial value. Since the key ingredient in our analysis is the a priori LOO-estimates, it is 
not surprising that once the initial value is assumed to be bounded, we obtain better results 
with weaker assumptions on the nonlinearities. As for the square integrable initial data, we 
impose the same conditions assumed in the continuous case [2] and in both cases consider 
the discrete problem (D:) as the main object of our study. 
When the initial data is bounded, it is possible to obtain another existence and unique- 
ness theorem for the continuous problem, that is the content of Theorem 1. As for the 
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discrete problem, similar results hold and the scheme is shown to be unconditionaly sta- 
ble in Lemma 1. Using the ideas developed in [5,6] and [lo], error estimates are derived. 
These estimates are comparable in order to the ones derived in [S] and [lo] where the term 
g was missing; this is the object of Theorem 2. On the other hand, if the initial value is 
only assumed to be square integrable, then the conditions of the corresponding continuous 
problem are sufficient to guarantee the existence and uniqueness of solution to the discrete 
problem; hence there exists a discrete solution operator S, from L*(a) into itself, mapping 
u n-1 to U”. The existence of an absorbing set in L-(R) follows from a discrete version 
of pGronwal1 Lemma, Lemma 2, which in turn implies the existence of an absorbing set in 
Hi(Q), hence finally the existence of a compact attractor. Under stronger assumptions on p 
and g that eliminate the possiblity of degeneracy, it is shown that the Hausdorff dimension 
of the attractor is finite and an explicit estimate is obtained (Theorem 3). 
(3) 
(4 
(PI): p is an increasing function from R onto R with p(O) = 0, 
(Gr): g is a Caratheodory function and there exists cl > 0, such that for every 6 E R, 
sign(E)g(t, =, 0 1 -cl, almost everywhere in R+ x 0, 
(G/3): there exists c2 > 0 such that for almost every (t,z) E R+ x 0, the map 
[ H g(t, 2, [) + csP(<) is increasing, 
(G,B)l: for every M > 0, there exists GM > 0 such that, if ItI + It’] + ]<I + It’] 5 M 
then for almost every t E 0, 
Is(0,~) - !#J,E’)12 I Gf((P(O - P(E’)N - <‘I+ It -e>. 
When the initial data uc is in Loo(Q) we have: 
2. SOME RESULTS FOR BOUNDED INITIAL DATA 
2.1. The Continuous Problem. Let Q be an open bounded subset of TLd, we assume 
that the nonlinearities p and g satisfy the following: 
THEOREM 1. If the nonlinearities P and g are assumed to satisfy (PI), (G1), and either 
(GP) or (Gp),, then there exists a unique solution ‘u of (PO) such that 
u E Lb”@, T; L=(o)) r-l L2(0, T; H:(R)), P(u) E C([O, 7-j; L2(s2)). 
Moreover, there exists CT > 0 such that for every 1 E [O,T], Ifl(u(t))lpcn~ 5 
CT IP(uo)lL-(n). 
The proof of Theorem 1 relies on a priori LcQ -estimates and is obtained in the same 
manner as in [2]. 
2.2. The Discrete Problem: Stability Analysis. The existence of solutions for the 
discrete problem (D:) is obtained using the results of [7] and [8], under the assumptions 
(PI), (GI), and either (G/3) or (GP)l. As for the stability of the scheme we have for bounded 
initial data: 
LEMMA 1. If the nonlinearities satisfy (PI), (G1) and either (GP) or (GB)l, then there 
exists C = C(T, ug) > 0 such that for all n E { 1,. . . , IV}, 
(a> IwL-(fz) L ct (6) 7- 2 IVll&2, I c, Cc) 2 IPu3 - PvJ”-‘)I2yn, I c. 
k=l k=l 
The proof of (a) and (b) follows from the use of the same test functions as in the continuous 
case (see [2]), and ss for (c) we use P(V”) as a test function. 
2.3. Error Estimate. We let 1” = nr and I” = [tn-l,tn] and denote the errors by 
e,u(t) - U”, ep+3(u(t)) - /3(V) for all t E I”. 
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Then the following holds: 
THEOREM 2. Under the assumptions (PI), (G1) and either (G,B) or (GP)l, we have 
Since $p(u) is only in L*(O, T; H-‘(Q)), following the ideas introduced in [6] and [lo], we 
multiply the discrete equation with the Green’s function applied to suitable test functions, 
and estimate. 
3. DISCRETE DYNAMICAL SYSTEM: SQUARE INTEGRABLE INITIAL DATA 
3.1. Absorbing Set in L”(R). Existence of the Attractor. In addition to the as- 
sumptions (A ), (Gl) and (W), in this section we further assume that 
(1) (p2): there exist cl > 0 and c2 > 0 such that IP( _< clltl + c2 for all t E 72, 
(2) (G2): there exist cs,q > 0 and cg > 0 such that for some p > 2 and for almost every 
(t,z) E (0,T) x R and all < E 72 
sign(t) g(t, t,O 2 c3W’ - C4, lim6uP l$?(~,~,<)l 5 cSl<lp-’ + C6r ldt,ztr)i 5 a(I<l) 
tco 
where a : ‘R+ H 72+ is increasing. 
Under the assumptions (A), (Gl), (W), (PA and (Gz), the discrete problem (D:) has a 
unique solution for any U” in L*(0). Hence, there exists a nonlinear operator S, mapping 
U”-’ to U” from L*(n) into itself. The key a priori estimate is an Lm-estimate which is 
obtained using the following discrete version of the pGronwall’s Lemma (see [3]). 
LEMMA 2. Let {yn}T__l be a positive sequence in ‘E and assume that for all n > 2, we have 
Y’<%, y” -t Tr(y”)p 5 y”-’ + 75, 
where p, 7, 6, cl, and T are given positive numbers, 0 < r < 1 and no is a given positive 
integer. Let Ic be a fixed positive real number such that 1 < L 5 1 + $ and k < p. 
Then, there exists p > 0 depending only on no,p,7,S and k such that for all n 2 1 
0 
f p + Cl 
y”< ; +-. 
(Trl)~ 
Lemma 2 allows us to obtain an a priori Loo -estimate and then by a standard arguement 
we derive an a priori Hi(Q)-estimate. Consequently, we obtain 
THEOREM 3. Under the conditions (PI), (GI), (GP), (/32) and (G2) the discrete problem 
(D:) has an associated solution semigroup S, that maps L*(Q) into L-(0) n HA(R). This 
semi-group posseses a compact attractor A,, which is the w-limit set of the absorbing ball 
in L=(Q) n HA(R). 
REMARK: Under the conditions listed in the above theorem, a similar stability result can 
also be obtained, however one has to replace (G/3)1 with a different assumption in order to 
achieve the error estimate of Theorem 2 (see [3]). 
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3.2. Dimension Analysis. Regularity of the Attractor: ds3. From now on, we 
restrict the class of nonlinearities to: 
(1) 033): P : 72 -‘R is a Cz function, p(O) = 0 and P’(2) 2 E > 0, for all t E R, 
(2) (G3): g : R I-, R is a continuous function satisfying also (GP). 
Then using a discrete version of the uniform Gronwall lemma, we establish 
LEMMA 3. Under the regularity conditions imposed on p and g by (,&) and (Gs), the 
Attractor A, associated to the coresponding discrete problem (DT) is a bounded subset of 
HZ(n); hence in particular there exists an absolute constant C > 0 such that IVUILd(n) < 
CforallU~d~. 
Once the regularity of the attractor is established, one can linearize the discrete equation 
and apply CFT theory (see [l]), to this set-up, and finally we prove that 
THEOREM 4. If (p3) and (G3) are satisfied, and moreover, if g is assumed to be a C2 
function, then the attractor A, has finite Hausdorff and Fractal dimensions and its Hausdorff 
dimension can be estimated by 
dH(d,) < c(TE~)-*. 
REMARK: For the case of reaction-diffusion equations, the method employed gives the same 
estimate for the continuous and the discrete cases. 
In conclusion, we would like to point out that through our analysis, r is chosen small 
enough to let the methods go through. For the specific assumptions on 7, see [3]. The full 
discrete problem will be discussed in an upcoming paper (see [4]). 
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